We study Browder and CJM contractions of integral type. As a result, we give an alternative proof of some recent generalization of the Banach contraction principle by Jleli and Samet.
Introduction
We have introduced many types of contractions. We give the definitions of three of them. Define Φ as follows: ϕ ∈ Φ iff ϕ is a nondecreasing, right continuous function from [, ∞) into itself satisfying ϕ(t) < t for any t > . It is obvious that ϕ() =  holds.
Definition  Let T be a mapping on a metric space (X, d).
• T is said to be a (usual) contraction (C, for short) [ We know the following implications:
There are some conditions equivalent to BroC; see [] . Lemma  in [] gives seven equivalent conditions connected with BroC. See [] and the references therein for further information as regards contractions.
Branciari [] introduced contractions of integral type as follows: A mapping T on a metric space (X, d) is a Branciari contraction if there exist r ∈ [, ) and a locally integrable function f from [, ∞) into itself such that
for all s >  and x, y ∈ X.
We 
Let T be a mapping on X. Assume that there exists k ∈ (, ) such that
for any x, y ∈ X. Then T has a unique fixed point.
Remark
• Considering the domain and range of θ and (θ ), it is obvious that (θ ) is equivalent to inf{θ (t) : t ∈ (, ∞)} = .
• The underlying space of Theorem  is a generalized metric space. This interesting concept was introduced by Branciari [] . See also [-] and others. However, we omit the statement of the definition of a generalized metric space because it is not essential in this paper.
In this paper, motivated by Theorem , we deepen the study of contractions of integral type. We also give an alternative proof of Theorem .
Preliminaries
Throughout this paper we denote by N the set of all positive integers and by R the set of all real numbers. For a function f , we denote by Dom(f ) the domain of f .
Let f be a function from a subset of R into R. Then f is said to satisfy (U) f if the following holds:
We list some further notation in order to simplify the statement of the results of this paper:
(A) Let Y be an arbitrary set and let h be a function from
The purpose of this study is to obtain the mathematical structure of contractions mentioned in Section . So, we simplify our setting as follows:
• S is said to be a Browder contraction if there exists ϕ ∈ Φ such that
for any x ∈ Y .
• S is said to be a CJM contraction if the following hold:
Remark Let (X, d) and T be as in Definition . Put Y = X × X and define h and S by h((x, y)) = d(x, y) and S(x, y) = (Tx, Ty). Then the concept of Browder contraction in Definition  becomes that in Definition  and the concept of CJM contraction in Definition  becomes that in Definition .
We give some lemmas concerning (U) f .
Lemma  Let f be a function from a subset of
holds for any t ∈ Dom(f ).
Remark We define lim sup[f (u) : u → t, u ∈ Dom(f )] = γ iff the following hold:
• There exists a sequence {u n } in Dom(f ) such that {u n } converges to t and {f (u n )} converges to γ . • lim sup n f (u n ) ≤ γ holds for any sequence {u n } in Dom(f ) converging to t. Note that we do not exclude the case of u n = t.
Proof of Lemma  Obvious.
Lemma  Let f be an upper semicontinuous function from a subset of
Proof Obvious.
Lemma  Let ψ be a function from a subset D of
Then the following hold:
(ii) ϕ is strictly increasing and Lipschitz continuous.
Proof In this proof, we always assume s, t, u ∈ D. Define a function ω from D into R by
For each u, we define a function ψ u from D into R by
Then from the definition of ω, we note
So it is obvious that ψ(t) ≤ ω(t).
We can easily check that ψ u is nondecreasing and
Hence ω is nondecreasing and
holds. Hence ω is continuous. Fix t; and choose δ and ε as in the definition of (U) f . We have
Hence by Lemma , ω satisfies (U) ω . It is obvious that
hold. We can easily prove the remainders.
Remark We use the method in the proof of Proposition  in [] . Note that the domain of ϕ is D. We cannot extend the domain of ϕ to {[t, ∞) : t ∈ D}. See ψ in Example  below.
Browder contraction
In this section, we discuss Browder contractions.
Lemma  Assume (A). Let ψ be a function from
for any x ∈ Y with h(x) >  and h(Sx) > . Then S is a Browder contraction.
Proof By Lemma , there exists a nondecreasing continuous function η from (, ∞) into [, ∞) such that (U) η is satisfied and ψ(t) ≤ η(t) holds for any t ∈ (, ∞). Define a function ϕ from [, ∞) into itself by
It is obvious that ϕ is nondecreasing continuous function such that ϕ(t) < t for any t ∈ (, ∞). Thus, ϕ ∈ Φ. Fix x ∈ Y . We consider the following two cases:
Therefore S is a Browder contraction.
Proposition  Assume (A), (A) and the following:
(i) θ is nondecreasing and continuous.
(ii) There exists a function ψ from into R satisfying (U) ψ and
for any x ∈ Y with h(x) >  and h(Sx) > .
Then S is a Browder contraction.
Proof Define a function θ
o t h e r w i s e .
Since ψ • θ (t) < θ (t) ≤ θ (s) for any t, s ∈ (, ∞) with t ≤ s, we have ϕ(t) ≤ t for any t ∈ (, ∞). Thus, ϕ is a function from (, ∞) into [, ∞).
Arguing by contradiction, we assume that (U) ϕ does not hold. Then there exist t ∈ (, ∞) and a sequence {t n } in (, ∞) such that {t n } converges to t and
holds. Hence there exists a sequence {u n } in (, ∞) satisfying
for n ∈ N. Since θ is nondecreasing, u n < t n holds for any n ∈ N. Thus {u n } also converges to t. Hence
because θ is continuous. This contradicts (U) ψ . Therefore (U) ϕ holds.
For any x ∈ Y with h(x) >  and h(Sx) > , we have by ()
Therefore by Lemma , S is a Browder contraction.
By Lemma , we obtain the following.
Corollary  Assume (A), (A), (i) in Proposition  and the following: (ii) There exists an upper semicontinuous function ψ from into R satisfying ψ(t) < t for any t ∈ and () for any x ∈ Y with h(x) >  and h(Sx) > . Then S is a Browder contraction.
The following examples tell that the continuity of θ in Proposition  is needed. In Example , θ is right continuous, however, it is not left continuous. On the other hand, in Example , θ is left continuous, however, it is not right continuous. Define a mapping T on X and functions θ and ψ from (, ∞) into itself by 
and ψ(t) = t/. Let Y , h, and S be as in Example . Then all the assumptions of Proposition  except the right continuity of θ are satisfied. However, T is not a Browder contraction.
CJM contraction
In this section, we discuss CJM contractions.
The following is a modification of Proposition . in [] .
Proposition  Assume (A), (A), and the following:
Proof In order to show (jj), we fix x ∈ Y with h(x) > . Arguing by contradiction, we assume h(Sx) ≥ h(x). Then h(Sx) >  obviously holds. We have from (iii),
which contradicts (i). Therefore we obtain h(Sx) < h(x). We have shown (jj). We shall prove (j). Fix ε >  and put β = lim[θ (t) : t → ε + ]. We consider the following two cases:
• β < θ (ε + γ ) holds for any γ > .
• There exists δ  >  such that β = θ (ε + δ  ). In the first case, since θ (ε) ≤ β, β ∈ ≤ holds. From (ii), there exists α >  such that
Arguing by contradiction, we assume h(Sx) > ε. Then we have h(Sx) >  and hence h(x) > . We have
which is a contradiction. Therefore we obtain h(Sx) ≤ ε. In the second case, we also fix x ∈ Y with h(x) < ε + δ  . Arguing by contradiction, we assume h(Sx) > ε. Then we have h(Sx) >  and hence h(x) > . By (iii), we have
which is a contradiction. Therefore we obtain h(Sx) ≤ ε. We have proven (j).
The proof of the following is obvious, however, we give a proof in order to show how differently and ≤ work.
Corollary  Assume (A), (A), (i) in Proposition  and the following:
(ii) There exists a function ψ from ≤ into R satisfying (U) ψ and () for any x ∈ Y with h(x) >  and h(Sx) > . Then S is a CJM contraction.
Proof We first note that from (U) ψ , ψ(t) < t for any t ∈ Dom(ψ) = ≤ . For x ∈ Y with h(x) >  and h(Sx) > , we have
We have shown (iii) in Proposition . Let us prove (ii) in Proposition . Fix ε ∈ ≤ . Then from (U) ψ , there exists δ >  such that ψ(s) < ε holds for any s
Therefore by Proposition , S is a CJM contraction.
Corollary  Assume (A), (A), (i) in Proposition  and the following:
(ii) There exists an upper semicontinuous function ψ from ≤ into R satisfying ψ(t) < t for any t ∈ ≤ and () for any x ∈ Y with h(x) >  and h(Sx) > .
Then S is a CJM contraction.
There is a counterexample if we replace ≤ with in Corollary .
Example  Define a complete metric space (X, d) by
Define a mapping T on X by Tx = x for x ∈ X. Define functions θ from (, ∞) into R and
and
Let Y , h, and S be as in Example . Then all the assumptions of Corollary  except Dom(ψ) = ≤ are satisfied. However, T is not a CJM contraction.
Remark We note that θ is left continuous, however, θ is not right continuous.
Proof For any x, y ∈ X with x = y and Tx = Ty, we have
Thus, () holds. Since T has no fixed point, T is not a CJM contraction.
We assume additionally that θ is right continuous. Then we can prove the following. If not so, then there exists a sequence {t n } in (, ∞) such that {θ (t n )} is strictly decreasing and converges to ε. Since θ is nondecreasing, {t n } is strictly decreasing. Since {t n } is bounded from below, {t n } converges to some t ∈ [, ∞). Since ε ∈ ≤ , t >  holds. Since θ is right continuous, we obtain θ (t) = ε, which implies ε ∈ . This is a contradiction. Fix x ∈ Y with h(x) > , h(Sx) > , and θ • h(x) < ε + δ. Then we have θ • h(x) < ε. Hence we obtain from (iii) (in Proposition )
Proposition 
So all the assumptions in Proposition  are satisfied. Therefore S is a CJM contraction.
Corollary  Assume (A), (A), (i) in Proposition  and (ii) in Proposition . Then S is a CJM contraction.
